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In the monograph of Targ [1 ] the flow of a viscous incomprgssible fluid
is treated in terms of approximate differential equations which take the
viscous and transport terms partially into account, and solutions are
given for a number of problems., The solution for the development of the
flow in a circular cylindrical pipe shows a satisfactory agreement with
the results of experiments, not only with respect to the length of the
entrance region, but also with respect to the development of the velocity
profile at stations in the entrance region. The same approximate equations
were used by Ovchinnikov [2 ]} to solve the problem of the development of
the flow in a diffuser for an arbitrary velocity distribution at the
entrance. In this case the calculated results were well verified qualita-
tively by special experiments carried out by the author, even for Reynolds
numbers as large as 25 x 104,

The cases just described suggest that suitable approximate equations
might be set up to take the nonlinear terms partially into account, and
that these equations might be used for the solution of various problems
in the flow of a viscous heat-conducting gas. In the literature such
problems have so far been treated by a method used by Schiller [3 ] to
study the flow of an incompressible fluid; i.e. by joilning the constant-
velocity profile in the core with the velocity profile determined separat-
ely for the boundary layer (for example, in the article of Kaul and Brown
[4 7). Solutions for these problems on the basis of approximate linearized
equations have not yet been presented in the literature, and such solu-
tions may have theoretical and practical interest in the design of
diffusers for engines on moving objects and in the calculation of certain
losses associated with gas flow in ducts and diffusers.,

1. We will assume two-dimensional stationary motion of an ideal gas
having the Clapeyron equation as equation of state and having constant
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specific heats. By analogy with another paper [5], we will introduce
dimensionless variables and parameters in the following manner;

x = lz;, y=c¢ly, u=Ug,, v=2eUw, p=pihr

P = PoP1» T =TT, [t = [olt1, R = Ao¥y (1.1)
M2 = Uzpo R = pal/ol P = POgcp
Ypo ' po %o
Cp 2
- _F L I SV 2
7—' Cv’ ACpgTo —('{ 1)ﬂ{

Using (1.1) and neglecting body forces, the differential equations
for a viscous heat-conducting gas take the form

2, (u, 24 a"l) _felom 6/ 3&)
Relp, <ul TN + 2 an M2 3z, + E (E’q ay +
4 du 2 du a9 ov.
g2 S« o I pld %
+e {911 [Hl (3 oz, 3 ayl)] + N (P‘l oy }
on fn 1 0p1 1 a ( duy
) o — —_—
€ "1(”lax1 + layl) «'Ma 3 TR i \P 16y1)+
g2 8v1 1 9 4 6v1 2 8u1
+x R 33‘1 a$1> +x R 83!1 [[L (3 oy —_-?761'1>] (1 2)
2 oT, aTl 2 Y—-1< apr 8p1) 1 9 ( Ty
Rep,(ula +oi- t-:R———Y Uiy T Vg +Pay1 ‘8y1)+
v—1 (a_u_l_)’ i“‘_ o aTl) y—1 2{ 2 (601
+ Y "1ay1 +Paxl(16x1+ P'se 621)+
4 [(omy! (2&1) 3omom A a_u_xév_l } 8ler) | Ofewwn) _
+?[(&zl) + M +3 9z, Oy, 2 om, 8y1] 0z, + .

p=pTy, =y (1Y), % = %y (T)

These differential equations (1.2) are identically satisfied by a
strictly parallel flow with constant velocity U, and with constant-state
variables, and for this case we may put

uy, =1, =0 p=1 p=1 TT;=1 wm=1 x=1 (1.3)

We will now restrict ourselves to cases in which the presence of solid
walls exerts a relatively small disturbing influence on the departure of
all the variables of the gas flow from their values in the undisturbed
stream. 1f ¢ is a $mall parameter, and if the dimensionless variables R,
M, and P are assumed at the outset to vary like powers of ¢, then the
solution of equations (1.3) may be developed as infinite series in powers
of the small parameter ¢. We will assume that in certain special cases
we may temminate these series with terms containing the first power of the
small parameter; that 1s,
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y=1+eu, v=e, p=1+4¢', p=1+¢p (1.4)
Ty=14+eT", p=1+ep, x=14ce

We will further assume that the characteristic parameters have the
following orders of magnitude;

1
R~Y,  M~t1,  P~t (1.5)
Substituting equations (1.4) into (1.2), taking account of (1.5), and

equating the coefficients of terms linear in the small parameter ¢, we
obtain the following equations;

w __ Loy 4 aw o
6::1 YM231‘1 R ay% ’ 0y1

or’ _ y—14dp’ 1 T

or, ¥ E—F PRe? 9y2 (1.6)

_+6—x1+6_yT=0’ pP=o+T

Using the equation of state (1.6), the density p may be eliminated
from the continuity equation, which finally tales the form
o, w9y
o5 o Tom T =0 (.7
Returning in equations (1.6) and (1.7) to the original dimensional
variables; that is, putting

=Z Y r__u=—Ug o 2
h=T N=y S elUo T etlU,

4 — ' T—-T vy—1
p =p=p°po' T = eTo 0’ p0=gPOCp Y To (1-8)

we obtain the following approximate linearized equations of motion for a
viscous heat-conducting gas;

aT 3 o°T a ) a?
8Cswalo 5 = AUy 55 +x0 5or » polo g = — 52 + oz
ou ov 1 dp 1 6T\ __ ap __
Tyt s (;To‘ 9z~ To ’az')“ , oy (1.9)

If we compare the approximate equations (1.9) with the familiar equa-
tions for the plane boundary layer in a viscous compressible gas ([6 ],
p. 282), we find that in our equations the transport temms for u, p, and
T are partially accounted for in the manner of Oseen; moreover, the
coefficients p and k are taken as constants, and the terms for the dis-
sipation of energy are discarded. Equations (1.9) are therefore rather
rough approximate equations, and their solutions will not be as accurate
for phenomena in pipe flow or in thin boundary leyrs as the solutions of
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the corresponding boundary-layer equations. But a similar conclusion con-
cerning the roughness of the approximation to the original equations
applies for the equations employed in the sclution of certain problems of
the three-dimensional boundary layer for the flow of an incompressible
fluid. Nevertheless, the solutions obtained in these problems, as was
shown above, are not in bad agreement with the results of experiment or
with the solutions of more exact equations. Therefore we may assume that
for a number of problems of gas flow in thin layers or in pipes the solu-
tion of equations (1.9) will give a correct picture of the flow, not only
in a qualitative but also in a quantitative way.

For problems concerning the boundary layer near a body, the pressure
p entering into (1.9) may be considered a given function of the coordinate
x measured along a contour of the profile. For problems concerning the
development of the flow in pipes, the boundary conditions for the lateral
velocity v allow a differential equation for the pressure to be obtained.

2. If we assume that the motion of the gas is axially symmetric and
if we take the transversal velocity component as zero, then the approxi-
mate equations analogous to (1.9) will have the following form;

U Mau -— 8p Yo 3‘ dn ap

P05z -§§+75;’<r orj’ ar 0

i —{ww--1 2 -+ 1 8p 18T

Gt o )+ o 5 — 1) = (2.1)
§Cp¥7ﬁl’a—“—éx = .AL’Q:%- +2 = (r )

We will apply these approximate equations (2.1) to a special case,
namely to a circular cylindrical pipe with an open leading edge. let the
pipe move in a fluid with velocity U; parallel to its axis of symmetry.
Let the pressure inside the pipe at a certain distance from the entrance
be maintained by some means at a value p, smaller than the pressure p,
in the fluid far ahead of the pipe entrance. Because of the evacuating
effect of the pressure difference, a certain flow will arise in the fluid
ahead of the leading edge, as well as a relative motion for the fluid in-
side the pipe. If we interchange the motion of the fluid and the pipe,
then the flow at an infinite distance from the leading edge of the sta-
tionary pipe will have a velocity U, in the direction of the positive
x-axis; the pressure will be p,, and the temperature will be Tj; this
temperature will fix the coefficients g, and x;. After a sufficient inter-
val of time has elapsed since the start of the motion, steady velocity
and temperature distributions will be established at the entrance to the
pipe (x = 0). Depending on the distance from the leading edge, the nature
of the velocity, temperature and pressure distributions across the section
will change as a result of the no-slip condition together with themmal
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effects at the walls of the pipe.

If we consider a station in the pipe close to the entrance, and if we
assume that the relative pressure difference (p;, - p,)/p, is small, then
the effect of the tems discarded in obtaining equations (1.9) from the
corresponding boundary-layer equations may be considered small. With
these assumptions there is some justification for applying the approximate
equations (2.1) to the flow of a gas in a cylindrical pipe in the example
Jjust considered.

If we consider the flow of a gas in a pipe laid in the ground, then
it is necessary in addition to allow for themal effects of the earth on
the walls of the pipe. If we denote the temperature of the pipe at the
entrance by T, and the temperature of the ground by T,, where it is
assumed that T, > T,, then we may suppose as a first approximation that
the temperature of the pipe wall varies according to an exponential law
(analogous to the law of Shukhov for oil pipe lines); that is,

Ter =T, + (Ty — Ts)exp(— B L) (2.2)

where a is the radius of the pipe and 8 is a dimensionless coefficient
to be determined experimentally,

For simplicity we will assume that the velocity and temperature dis-
tributions are uniform at the entrance, at which point the boundary con-
ditions will have the form

u=V,, T=T, p=p for z=0and0<r<a (2.3)

The no-slip condition and the axial symmetry of the flow may be
exhibited by means of the following equalities;

u=020, v, =0 for r=a andz >0

ou oT

;=0, WZO for r=0andz>0

(2.4)

v,=0,

If we change to dimensionless variables and put

z=ax, r=ar, u=Uw, v=Uw, T=T,T, p=pp (2.5)

polvU. =R poU% =M2 AUO‘A! — (T——i)Mz gcpl"'o — P
He i YPo ? ngTo ! %o

then the differential equations (2.1) and boundary conditions (2.3),
(2.2) and (2.4) take the following form:
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6u; ‘1 c?p 1 ) 6u; 0}?
R+ anim)=wam(nam) 2= (2.6)
oT y—1dp t 87 8T
pn[,.....,_m__-]z_«.__. )
dxy Y 8n ry on (7‘1 ory

(u1+p T)"f"*'-—-" 1?)1) =0

ry Ory
U 7 _ T
u};:"b‘%s -'-"%i*, 3?%‘; for ni=0and0<r <1
5 T,—T
=0, =»n=0, T_Te lT Ye~P% for re=a aad ;>0 (2.7)
du aT
v =V, 53:0’ Froe for r=0andz >0

We will solve the system of linear equations (2.6) with the boundary
conditions (2.7) with the aid of the method of operational calculus. We
put

o . oo . [s] . oo Tt
ie‘“‘mdzl = %’ s Se—?a:, vda, = %"‘ ’ Se"“‘)'x*;dx;= _};_ ' Se-J.x, Tdzn= x
0 0 0
(2.8)
Considering the first of the boundary conditions (2.7}, we will have
o - P 4
S :\a:1 da:l u* 3%’ Se m§§;d“31=?‘—'p‘i"
4] 1]
°° a7 T
bty T2 = pe__ L
Se % g day = T* — 7L (2.9)

0

oo
S e~ [Ty 4 (T~ Ty)e~Pu]day = - +T1"*T9.
o

A+ B

Yhen we construct the Laplace transfomation of the equations {(2.6)
and the boundary conditions (2.7), taking into account (2.8) and (2.9),
we obtain the following 'cransformed equations and boundary conditions;

U; . dzu‘ 1 du*
R [zz Tl YM‘ ( )j dri? ﬁ rydrg
v—1 drre 1 d7*
LR & WU Sk ¥ AR Y N 2
PRI{T Ty Y <F Po _‘ gt + ry dry
T 1 d
x(u*+p —T* ‘~~’?L+T;)-_7;3-r(rl, ") (2.10)
Ju* dTr*
vt =0, -5%= v =0 tor ry =0

) ) (2.11)
fl*=0, v ..“"—"‘-0, T* =~T—{7Tz+x+a(?l Tz)} for r;p=1
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The solution of equation (2.10) corresponding to the first boundary
condition (2.11) will have the form

— U 1 ’ N
u*=CJo(n VRR)-FU‘%—'YMz(P*"%

T* = Cyly (r, VVPR) + '% + Y._:i (r -2) 2.12)

v-r—; ='%‘r12<%+&*‘&‘p*)_g(u*+T‘)rld’1

Po T,
0

Using the second boundary condition (2.11), we obtain the following
expressions for the transforms of the velocity components and of the

temperature; -
o G T B

_T y—1 *_ D B I'h—T, v—1/ o« P1° lo("lV‘)‘pR)
T.-To_*— Y <p p—o)*[HrB To + Y (p Po)] I, (VAPR)

The recurrence formula
x

\1o(2)2dz = oI (2) (2.14)
0
is well known in the theory of Bessel functions. Fvaluating the integrals
(2.12) with the aid of (2.13) and (2.14) and using the boundary condition
(2.11) for the lateral velocity component, we obtain the following equa-
tion for the transform of the pressure:

2U,  IL(VXR) 28 Te—T, 1 I, VAPR)

e_p_ UVR I(VaR) TX+B T, ViR I,(V PR) @.15)
? =5 14 20=1) LR 1 [1 2 1,(V'TRT '

VAPE I, VieR) M| V3R 1,0V R

Thus the complete solution of the transformed problem is contained in
equations (2.13) and (2.15). We may invert the transformation to obtain
the original functions, generally speaking, by the method of decomposition
into simple fractions, provided that we can somehow find the roots of the
denominator of (2.15).

Inasmuch as the original equations (2.1) only describe the flow of the
gas in the entrance region with a certain degree of approximation; that
is, for not too large values of the coordinate x,, and inasmuch as small
values of the factor x, in the exponent of the transfomation formula
(2.8) correspond to large values of the transformation parameter A, then
with a certain error we may substitute for the Bessel function of imaginary
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argument in (2.15) the first tem of an asymptotic expansion. That is,
we may put
& L (VAR _ 1 I, YV *PR)
Vinz I, VAR) ' I(VXPR)
Substituting (2.16) in (2.17), we obtain the following approximate
expression for the transform of the pressure;

In(z) =~ ~1 (2.16)

Uy f Ta—T1 B
4 Vprr A+ B
* Pt g 3
p— B =1 (2.47)
Vm(i-_....)-e-z M’)

Expanding the right-hand side of (2.17) in fractlons, we obtain

7Y Zo :\“" (T 171'{—+ a;VX) +£Z—[T VA+

B 1 a? o2 1 4
+B+G2V?\+a ﬁ.ﬁ.az ?"f‘ﬁ+2($+“3)(V}\+VB+VA-«V§)} (2-18}

where
e — 2 y—1)M2+ VP
VPR 1—nm
_ 2YU]M2 1 _ 2’{]‘{2 T| — Tg
C’“”uoﬁe 1—M Cz_ToVﬁ 1—m (249)

Passing from the transform (2.18) to the original function, using the
formulas (2.5) to change from dimensionless to dimensional variables,
and introducing the usual notation

erf (z) = -4 S —4du, erfc (z) = 1 — erf (2) (2.20)

we obtain the following approximate formula for the variation of the
pressure in a gas in the entrance section of a circular cylindrical pipe;

P=n C'p"[i G‘{p——EI‘fC( ]/—] Czp"[ -g—_%z?exp (_Pg.)._.

erfc( ]/——-—}«g:_rizexp——'erf ‘/ﬁ } (2.21)

R

As an immediate check we may satisfy ourselves that equation (2.21)
satisfies the condition (2.3) for the pressure at the pipe entrance.

If the gas flow ahead of the pipe entrance is subsonic; that is, if
the inequality
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1—M2>0 (2.22)

is satisfied, then the quantities a and C, defined by equations (2.19)
will be negative, and at the same time we will have

erfe(a ) Z) =1 +ert (ja Y =) >1

In this case the second term of the right-hand side of (2.21), repre-
senting the influence of viscosity on the pressure variation in the pipe,
will always be negative. Thus if the entering flow is subsonic the
pressure in the entrance section of a circular cylindrical pipe will
always be reduced by the action of viscosity. This situation is well known
in gas dynamics ((7 ], p. 132).

In order to determine the net sign of the third tem in (2.21), re-
presenting the effect of cooling by heat transfer at the walls on the
pressure variation in the entrance region of a cylindrical pipe, we will
resort to an expansion of the entire expression in square brackets as a
series in powers of the argument. If we stop with the second terms in the
expansions for the individual factors, we obtain

1-—-3—-:_—0;2[a2 exi—_aﬂx —Bexp aaﬁerfc (a l/?) +
+aVBoxp Bent () 5 2) |~y e )/ 2 [14 L 2]

The net sign of the third term in (2.21) depends on the sign of the
factor C, and of the parameter 8. If the inequality (2.22) is satisfied,
and 1f it is assumed that the walls are cooled (T2 < T1' B> 0), then the
net sign of the third term will be positive. Consequently, if the flow
into the entrance of a cylindrical pipe is subsonic, heat removal from
the gas by cooling at the wall will lead to an increase in pressure in
the entrance region of the pipe. This situation also appears to be
generally known in gas dynamics ({81, p. 53).

Thus the qualitative conclusions from formula (2.21) agree with the
familiar formulas of gas dynamics. Besides these qualitative conclusions,
however, equation (2.21) makes it possible to compute the pressure
variation as a function of the distance from the pipe entrance, a com-
putation which is not possible using the formulas of gas dynamics.

In deriving the approximate formula (2.21) for the pressure we used
the leading term of the asymptotic formulas (2.16)., As can be seen from
these formulas, the Reynolds number appears in the argument of the Bessel
function. Consequently, the larger the Reynolds number the more accurately
will the leading term of the asymptotic formulas represent the value of
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Bessel functions, and the greater will be the length of pipe for which the
approximate fornula (2.21) will be accurate for the pressure. In such
cases we may use this formnula to estimate the length | of the entrance
region of the pipe, or the length required for the pressure to change
from the given value p, at the entrance to the given value p, at the end;

— 8] T 3 — Bl
af’Topl=Cl[1—expaTerfc(a l/T)]—{—Cz{i—-B—_T_—a—,[expTB——

—Bexp 5; erfc (a /—?—) +a )/ Bexp %erf (1/3 —i-)]} (2.23)

Provided that the length | of the entrance section is not large com-
pared to the radius a of the pipe, we may expand the various functions
entering into the right-hand side of (2.23) in pewers of their arguments.
In particular, if we terminate this expansion of the right-hand side of
(2.23) with terms containing l/a to the first power, we obtain the follow-
ing approximate formula for the length of the entrance section;

AN _[c1 +3 faz ¢, | (e = 2u? (2.24)

a

We will now return to the formulas (2.13) for the transforms of the
velocity and temperature. Inasmuch as the inverse transform for the
pressure has already been found in approximate form, it is sufficient for
the detemmination of the inverse transforms for the velocity and tempera-
ture according to (2.15) to find the inverse transforms of the ratios

Io(nViR) Io (nVAPR)
Lh(WAR) ' 1o (V APR)

and then to employ the convolution theorem of the operational calculus
({91, p. 13). For an approximate determination of the inverse transforms,
either expansions in powers of the argument or the asymptotic formulas
(2.16) may be used.

In the neighborhood of the pipe wall we may put

LY MD —foxpl— VIR (1 — 1))

1,(V AR)

Then we obtain from equations (2.13)

.U 1 P Us
u' = - — g ( —p—;)——m:—exp[—ﬂ——rx)l/w]-!-

1 » 141
+ v (p" = £ exp [— (1 — )V 3R]

.__T1 Y_—'i o___p_l T2_Tl B . — )
=1+t <p Po)+ T,V T3+ exel—( r) VAPR] —

_Yl%‘_(p'_ %}exp[—— (1 —r,) V' \PR]
1



Flow of a viscous heat-conducting gas in a pipe 483

The image function exp(~ ayX) is the transform of ertcla/2vx) ([91],
p. 152). Using the convolution theorem, we obtain the following approxi-
mate expressions for the velocity and temperature in the boundary layer
near the walls of the pipe in the entrance region;

u=U,— —P’Uo—Ull/—erfc[1—-—)::/“:]

U Va d —m)VR|p—np
Ynl8 erfc
yM2V P d"xs er [ 2Vz — ¢ J 4 &* (2.25)

-+

—1p— l/.ﬁ.
T=T1+T0Y—Y—p—po—pl+(7‘:—7‘1) r X

d ¢ e VPR
% ES [1 — e—B=—0)]erfc [(1——‘—) ZVE]dE_
[/}
y=1 /% d ¢ _r\_VPR lp=np
Ty r dzl§erf0[(1 )ZVzl— ] Po at

For the region near the pipe axis (r, = 0) we may use (2.16) as de-
nominator in (2.13) and a power series expanslon as numerator, stopping

after the second tem. That is, we put

Iy(@)=~1+ % a?
Then we obtain from (2.13)

u = gf ylivl’ (r— -55) — Z—; V 2=RA [x‘/- +1 r,aw.] =
V(- ) (et ) eV (2.26)

._T-l v—1 . 1241 Tz—Tx A
T =g+ (' — B) - 25 V@R

X (k‘lc —-:—rl’k‘/‘) e—V APR |
+ Y:i V 2r (PR (p‘ - —g—) (w. ++ rlaw.) e~V PR

To find the inverse transformation of (2.26) we may use formula (3.91)
from the book ({91, p. 154), according to which the transform
L) e—aV-):

T X

corresponds to the original fun:tion

2 . —a
L exp 52Dy (175

le

where D, is the Weber function. In the case we are considering the argu-
ments of the Weber functions will be
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R kP
2z, 2z
As was remarked earlier, for large Reynolds numbers R and for small
distances x, from the entrance the arguments of the Weber functions will
be sufficiently large so that we may use the leading term of the asymp-
totic expansion ([ 101, p. 347);

Dy (z) ~z"exp (—— —%2-)

Thus the transforms A% exp [=yv(AR)] and A5/% exp [~y (A R)] will
correspond approximately to the following functions;

2 p, —R 2 v —R
l/TR_/'eXp—ZE , —(2z,)~ i R*hexp Zoo (2.27)

For small values of x, and large values of R the reduced expressions
(2.27) for the original }unctions will be relatively small, and therefore
as a first rough approximation we may neglect all terms in the expressions
(2.26) containing the factor exp [~/ (A R)]. Proceeding now to the inverse
transformation, we obtain

Uso p—pm Yy—1 p—nm
U = U —_— —_— = 2
1 .YMz Do , T T1+T0 Y Po (2 8)
It follows from the approximate formulas (2.28) that the velocity in-
creases, but the temperature decreases, when the pressure decreases along
the axis of the pipe.

In order to obtain more accurate fornulas for the variation of the
pressure, velocity, and temperature along the pipe we have to expand the
right-hand sides of (2.15) and (2.13) as simple fractions according to
the roots of the denominator of (2.15). At present it can be said that
the nature of these roots is fully established only for the case of
Prandt]l number P equal to unity. If we use the recurrence formula

xly(x) = I, (2) + zI,’ (z)

then we obtain in the case P = 1 the following transcendental equation
from which to determine the roots of the denominator of (2.15);

— M2 -1 5, —_—
I.(V \R) + ml/mh (VAR)=0 (2.29)
Putting v (AR) = ix, we obtain from (2.29)

2yM? 41 — M?

ME_—1 Jy (z)-+ zJy (z) =0 (2.30)

Regarding equation (2.30) it is known ([ 11], p. 482) that if the in-
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equality
ay“+2_.2.‘f£’_*;1;__+1_2‘f_’”_1<0 (2.31)

is satisfied then two roots of equation (2.30) will be purely imaginary,
and all the remaining roots will be real. The inequality (2.31) will be
satisfied on satisfying the inequality (2.22), Consequently if the gas
flow ahead of the pipe entrance is subsonic, and if the Prandtl number is
equal to unity, then one root of equation (2.29) (with respect to A) will
be real and positive, while an infinite number of roots will be real,
negative, and simple. For this reason we obtain, on expanding the right-
hand side of (2.15) in simple fractions,

pl =P 16 +8CI+B) L (VAR _

—(” T r/ T RO T AR, (VAR + ol (VAR
(=]
_ A, A" A’ v A
=S trrp st A, (2.32)
where
_ VE VR(Ci+Cy) U T:—T
AO—( )I—O 2+aVR U0+ To
C:J1 (V BR)
T VBRI (VBR + al1 (V BE) (2.33)
F2'(h) 2V R—2a —a? V’}‘g ’ E= R (p YV R—2a—a? VR

Substituting the expression (2.15) in (2.13), we obtain as transforms
for the velocity and temperature
o U [_}__Iom/x—ﬁ‘)]_

/3
T e U, Mo (VAR)

1 [1 _ln(rVﬁ?)}rcw-Bcz/(3+;\)111(1/iﬁ“) _

TN TN (VAR | T Ve (VAR + al 6R)
Bo o B I
=% +l+b +7\-—Ao+>-l )_)\ +k>=41;;'_7; (2.34)

h() Ty 1 B(Th—Ts) I(nViR)

b))  To 2 AQ+BTo Iy (VIR)

_*_7.4 1_10(;-,1&10 ICi+ BC: ) B+ M) ) (VAR)
ILo(VAR) | Vil (V3 W) +al,(V3R)

I
=

D, D - D
. 0' 54 k
=%t 35 x..x(, +§', (l—lk X—M’)
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where the A, are the negative roots of equation (2.29) and the A’ are
connected with the rootz of the equation J (v) = 0 by the relationship

’ vk“
)\k = —_ T (2.35)

The coefficients entering in the expansion (2.34) are of the fomm
| A () _ " A’ Jo(rV BR)

By=| /= =0, B = — - L
0 [%()‘)Jl-o yM? [1 Jo(V BE) ]

, A’ Io (MY 7oR) Ap [ Io (nVX,R)
B = — | - By=— — |1 =217 "k7/
M? l lo(VmoR)] * M| Io (Y %R)

s 20y Jolrvy) 2 B Jo(rivy)
Bk - Uovk Ji (Vi) - Yaszk (Cl -+ B—(sz/R) Cz) 7, ™7 (236)

= (M) _T, b_x=1 o[y IV iR
D, = [ Y2 (A) ]7&=0 T T, D= Y A {1 To (V %R)
o _Ti=To Jo(nVBR) | t+1 4, Jo(r1 VBE)
== - A1 -2 0
b To  Jo(VBR) Ty [ Jo (V BR)
PRSI LY ()
Y Lo(Y AR
Do 28T —Ty) Jo(rvy)  2(y—1) C 8 Jo{rivg)
T T = v, ) ayvy B ERE R AT

If we denote the real roots of equation (2.30) by y,; that is, if we
put .
ViR = v, M= — & (2.37)
and if we proceed from the transforms (2.32) and (2.34) to the original

functions, we obtain the following formulas for pressure, velocity and
temperature:
P n, U

)
_ T1—T, ’ xho ” — Bz 0 z Vit
—};—-P_O_FU(;—_T_—{—A exp-a—+A expT-{—?;,lAkexp(—-—a——ﬁ—

U A __LItr/a) VaeR] 0 | piia.n — BT
T = — {:1 ey 1N ]exp -+ Bllexp —— +
u; ! r i , z Vit
+ "}:1 [Bk exp{——- 7) + By’ exp (“T “;T)] (2:38)

T Ty  Y=1 4[4 Liir/a) ViR ) . — Bz
To Ty Y A[1 Lo (V AR) ]expa+Dexp a +

+§1[Dkexp - %) 4 Dy exp (——f‘ VT"z)]
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As was remarked above, the approximate equations (2.1) may be con-
sidered correct only for the entrance section of the pipe. For this
reason, arbitrarily large values cannot be assigned to the ratio z/a in
the formulas (2.38) just obtained. Owing to the presence of the positive
real root A, the terms in (2.38) with the factor exp (A x/a) will grow
indefinitely; however, the sign of these terms depends on the sign of
the coefficient A, We will now show that the sign of the denominator of
the expression for A’ will always be positive. According to the notation
of (2.32) we have

F@) = 2 [Io@) — L12VE 1, ()] (2:39)
Inasmuch as

LO=1 [Fh@] =% |elVE>2

xX3=0

then the graph of the expression in brackets in (2.39) will approach the
axis of abscissas from below at the point x = / zhoR). That is,

1@ —2VR 1 ] <o

F'(VR)>0

Thus the sign of the coefficient A” will be determined by the sign of
the numerator in (2.33). However, because the inequality (2.22) is satis-
fied the sign of the numerator will depend on the sign of the following
expression:

and therefore

— U
pF -+ G (2:40y,
The expression (2.40) will certainly be negative if the inequality
U T1—Ts
T, > T (2.41)

is satisfied. (onsequently, if the gas flow ahead of the pipe entrance is
subsonic and if the inequality (2.41) is satisfied, then the pressure in
the pipe can only decrease. At a certain distance from the entrance this
pressure will become negative and will increase in magnitude according to
an exponential law. Under these conditions the temperature will behave in
a similar way, while the velocity of the fluid particles on the axis of
the pipe will increase indefinitely.

If we compare this behavior of the pressure and velocity during the
development of a gas flow in a pipe with the behavior of these quantities
during the development of the flow of an incompressible fluid, we can
detect an essential difference. In the solution for the problem of flow
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of an incompressible fluid in a pipe the pressure always decreases, but
the gradient of pressure at an infinite distance from the entrance be-
comes constant; for this reason the velocity on the axis of the pipe only
grows to a limiting value equal to twice the mean velocity. In the solu-
tion obtained for the problem of flow of a gas in a pipe, the pressure
gradient at an infinite distance from the entrance does not become con-
stant, but the magnitude of this gradient increases indefinitely; hence
the velocity on the axis also grows indefinitely. The latter circumstance
excludes the possibility that the method used to determine a represent-
ative length for the entrance region for the flow of an incompressible
fluid can be extended to gas flows.

The representative length for the entrance region for a gas flow in a
pipe has to be introduced either through the pressure or through the
temperature. If we use the fact that the pressure cannot become negative,
for example, we can obtain from the first equation (2.38) withp=0a
fornula for the determination of the possible initial length [ of the
pipe. Putting p = p, and x = | in the first equation (2.38), we obtain a
relationship connecting the three undetermined parameters U;, p;, and T,
at the entrance with the given parameters U;, p,, and T, and the given
quantities P, and !. For the case in which the difference (po-—pz)/p0 may
be considered small we may put p, = po, T, = T;;. Then the discharge of
gas will be determined by the formula

0 =0,"% U, (2.42)

Z

In other cases we may use the same considerations which have been used
in gas dynamics ({71, p. 48).

3. If we write the equations for a stationary two-dimensional gas flow,
neglecting viscosity and linearizing the transport terms in the manner of
Oseen, we obtain the following approximate equations;

ou 1 9 v 1 9p U ép du o
Uﬁ:MﬁPT—d%’ Ug_,;:—’P—o@—, gg?a—x"\";;‘*‘o—y‘—o(&i)
These equations have been applied to the flow around a thin profile

both for the case M < 1 and for the case M > 1. Equations (1.9) differ
from (3.1) in that certain tems are included to account for viscosity,
while the inertial term Udwv/ d x is dropped in conformity with the
assumptions of the boundary layer. Consequently, equation (1.9) may also
be applied to the case ¥ > 1. The formulas obtained in Part 1 will be
suitable for the case M > 1 except for the conclusions which were estab-
blished by the use of the inequality (2.22). In the case M > 1 ahead of
the pipe entrance a shock wave will appear, and the quantities U, p,,
and T, for the gas at the entrance will then be connected with the
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quantities Uy, p,, and T, by the usual relationships for shock waves.
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